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Spectrum of the Hermitian Wilson-Dirac operator for a uniform magnetic field in two dimensions
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The spectrum of the Hermitian Wilson-Dirac operator is investigated for an arbitrary uniform magnetic field
in two dimensions. It can be described by a relativistic analogue of the Harper equation. The index of the
overlap Dirac operator is obtained directly from the spectral asymmetry of the relativistic Harper system. It
coincides with the topological charge if the field strength is equal to or lesssthan
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Topologically nontrivial gauge field configurations are re- factorization property, which not only plays a crucial role in
sponsible for various nonperturbative phenomena in QCDletermining the index but also is useful in understanding the
and the standard model. The key relation is the chirafractal structure of the spectrum. The emergence of the frac-
anomaly and the index theorem. Lattice regularization is théal structure is not surprising since HWDO is a relativistic
most promising approach for nonperturbative studies andgnalogue of the Hamiltonian of tightly bounded electron, for
hence, the topological structure of the continuum gaugvhich the fractal structure of the energy band is as well
fields should be retained also in lattice theories. This can b&nown as the butterfly diagrafi1]. _ _
achieved by imposing a kind of smoothness condition on the e consider a two-dimensional square lattice of unit lat-
link variables[1]. It is indeed possible to define a topological {ice spacing and of sidds The HWDOH is defined by
charge geometrically for sufficiently smooth link variables
[1,2]. The index of the lattice Dirac operator would coincide H(X) = aa] (2—m)gh(x)— 2 (1_0”UM(X) w(x+,&)

with the topological charge as the index theorem dictates. On u=12 2
the lattice, however, it is difficult to compute the index ex- 1+
.. . o ~ ~
pI|C|_tIy_even fo_r the Abelian gaug_e_backg_roufl_ﬂ] and es- + MUZ(X—MW(X—M) , 1)
tablishing the index theorem on finite lattices is rather non- 2
trivial.

In this article we investigate the spectrum of the Hermit-wheres, (x=1,2,3) are the Pauli matrices apdstands for
ian Wilson-Dirac operatofHWDO) for a uniform magnetic  the unit vector along thath axis. The link variables) ,(x)
field in two dimensions and determine the index of the overand the lattice fermion fields(x) are subject to periodic
lap Dirac operator(ODO) [4] by directly computing the boundary conditions. In the context of OD®must be cho-
spectral asymmetry. The spectral flow of the HWDO for asen to satisfy &m<2 in order for the correct continuum
one-parameter family of link variables was investigated inlimit to be achieved. We adopbt=1 unless otherwise speci-
Ref.[5] and the connection to the chiral anomaly was eluci-fied.
dated. Recently, one of the present authors reanalyzed a simi- \We are interested in the spectrumtdffor the link vari-
lar system[6] and gave some exact results on the spectrumples of the form
for a particular set of uniform magnetic fields, for which the
index of the ODO can be obtained rigorously. We extend this 20 20
to an arbitrary uniform magnetic field and show that the Ul(x)=exr{—ith28;1'Ll}, Uz(x)=exr{it—2x1
index coincides with the topological charge if the magnetic L
field is equal to or less thanr/2. The key idea is that the (2
two-dimensional system described by the HWDO for a uni- ) ] — )
form magnetic field can be converted to one-dimensionayvheret is an arbitrary parameter ang, stands for the peri-
lattice systemfsdescribed by a relativistic analogue of the odic lattice coordinates defined by, =x,, for 0=<x,<L and
Harper equatiori10] and the spectrum can be characterized ,+L=x,. For t=Q being an integer, the magnetic field
by a set of polynomials defined by the secular determinant 0|E12(X): —i In Uy ()U,(x+ i)uslc(XJré)U;(x) becomes a con-

the relativist.ic quper system. When th? .topological Ch"’lrgestant and the flux per plaquette in units of 2s given by
and the lattice size have a common divisor, they satisfy a

1 Q
L _ » o o _ a=5—F(x)=-. ()
The axial anomaly on finite lattices is also investigated in Ref. ™ L
[7] using powerful cohomological argumen8.

2That this kind of reduction of the dimensionality occurs also in Hence Q is nothing but the topological chardd] of the

higher dimensions is noted in R¢8)]. lattice Abelian gauge field. The parameteccontinuously
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connects the link variables with various uniform magnetic

fields belonging to different topological sectors classified by [C(p,q)]y =

the integer topological chardé,5,6].
The characteristics of the spectrum of HWDO found in
[6] can be summarized as follow&l) The eigenvalues at
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25y+1y +sin p+
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integral values ot are separated by several gaps and form

clusters.(2) For noninteget the H has in general P? dis-
tinct eigenvalues and rearrangements of eigenvalues betwe
the clusters occur in a characteristic wayt ascreases con-
tinuously from an integer to the next integer. By carefully
inspecting the spectral flows one realizes that for special in
teger values ot=r with r being an arbitrary divisor ot
each eigenvalue is exactly-ply degenerate. This can be
proven by noting thaH can be block diagonalized into

he 6(‘“;, is the Kroneckew symbol for O<y,y’<r—1 and

gHtISerS the twisted boundary conditions

_ ®

We thus find that the original two-dimensional system of
degrees of freedom LZ is decomposed intosL one-
dimensional systems of degrees of freedom 2ach de-

o\f=e6,0, 81Y=e€5,,

2sLx2sL mat”ces each descrlblng a one-dimensional |at-scr|bed byh(p q) The Correspond|ng e|gen\/a|ue prob|em is

tice system of degrees of freedors[2[6]. In what follows
we will generalize the argument of Rd¢6] concerning the
characterization of the spectrum bf for special valueg
=r ort=L?/r to arbitrary integer values df In doing this it
is helpful to note the following general fact&) The eigen-
values\ of H are bounded by\|<|2—m|+2 [12]. (2) The
spectrum ofH is periodic int with a periodL?. (3) The
spectrum is an odd function inHence, it suffices to analyze
the eigenvalue spectrum for<t<L?/2.

We first analyze the spectrum fobeing an integer mul-
tiple of L. LetL be a product of two positive integerands.
Thent can be expressed as-nlL?/r=nsL, wheren is an
integer relatively prime withi. Then we haveJ(x)=1 and
U,(x) =ex(d2minx, /r]. Since the link variables are indepen-
dent ofx, and are periodic irx; with a periodr, we can
simplify the eigenvalue problem fé by the following Fou-
rier transformation:

s—1 L-1

2 > e APy (1] 4y xy),

X20

ely:p.a)=gf @

wherey ranges from 0 ta — 1. The Fourier momentp and
g are given by

2Wk 27

p=—k 9= 5]

L S (5)
(k=0,1,...L-1, j=0,1,...s—1.

H is then block diagonalized intsL 2r X 2r Hermitian ma-
tricesh(p,q) given by

B(p,q) )
C'(p,a) '

where the firs{second row acts on the uppegitower) com-
ponent ofep(y;p,q). B(p,q) andC(p,q) are defined by

(@
)

C(p,a)

h(p,q)=(

2mny

5(Q)

[B(pvq)]y,y’: - 2 y+1y

1—cos(p+

just a relativistic analogue of the Harper equatj@f].

The eigenvalues dfl are determined by the secular equa-
tion defh(p,q) —A]=0. It takes the form
(_ )r 1
defh(p,a)—N]=f"(\;p) - smz— sm2
9

wheref ("(x;p)=A?"+- - is a polynomial of order 2 and

is defined by
fV(\;p)=defh(p,0)—\]. (10

Theg-dependent term in E9) can be easily found from the
explicit form of h(p,q). Forn andr being relatively prime
integersh(p,0) and h(0,0) are related by an orthogonal
transformation and ﬁ“)()\;p) then becomes independent of
p. We simply write it asf {"(\). Explicit forms of f ()())
are given in Ref[6] forr=1, ... ,6.

Later we need to consider E(1L0) for n andr not neces-
sarily being relatively prime integers. In genelfaf[‘)()\;p)
depends omp and satisfies the factorization property

s'—1

1,

( )r f—1

fW(\;p)= £ 00— S|r12— P sire ™
s

11)

wheren’=n/s’ and r’=r/s" with s’ being the greatest
common divisor oh andr. The easiest way to show this is to
consider the case of=L andt=nL?/r=n'L%/r'=n's'L.
Sinces=1, the only allowed value of} is 0. The secular
equation(9) then become$ (" (\;p)=0. On the other hand,
the same set of eigenvalues must be reproduced by the ex-
pressions(9) with the substitutionsr,n—r’,n’ and q
—2mjls’ for j=0, —1. The identity(11) then follows
from these.

We have shown that the eigenvalued-bfor t being any
integer multiple ofL are completely characterized by a set of
functionsf {"(\). We now extend the results to an arbitrary
integert. Let n and s be relatively prime positive integers
such thatt/L=n/s, then we may find a positive integer
satisfying t=nr and L=rs. Denoting x, by two non-
negative integery andl (0sy<s, 0<I<r) asx,=sl+y,
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we see that the link variable®) are independent of or,
equivalently, periodic iry with a periods. We then introduce
new variables¥ (z;q) by

s—1r-1
(ZO= . E E e 'Y aly(x, sl+y), (12
whereq, p andz are defined by
_277] _27Tnk 21| CLix
q_T' pP= s T, z=KkL+Xxq
. (13
(j=0,...r—1, k=0,...5—1).

Since the shifz—z+ sL simply corresponds tk—k+s or,
equivalently, top—p-+2wn, we may regard¥(z;q) as
functions ofz with a periodsL. Here a miracle occurs. In the
new variables¥'(z;q) defined on the one-dimensional peri-
odic lattice,H is again block diagonalized into Hermitian
2sLX2sL matrices of the form(6) and (7). The concrete
expressions oB andC are obtained from Ed.7) by making
the following substitutions:

9

y, r, p, 9 — 2z sL, S’ 0. (14

The secular equations for the eigenvalueddodt t=nr are
then given byf ((\;q/s)=0. Noting the factorization for-
mula (11), we find that all the eigenvalues bf att=nr are
determined by the following set of secular equations:

( )TS

T|S l
()\)— sm2 J in2—/

s
. (15
(j=0,1,--,r—=1, I=0,---,8' = 1),
where n’=n/s’ and r’'=r/s’ with s’ being the greatest
common divisor ofr andn.

We see from Eq(15) that for eaclj and| there are 2's?

distinct eigenvalues and they must lie one by one in the

2r's? narrow intervals given by the inequality
0=<(—1)"'s"120's" 4t M)\ <1, (16)

Each interval contains exacthg’ eigenvalues. Furthermore,
the intervals themselves form roughlyr'2%/n’ clusters.

This explains the characteristic features of the spectral flows

of H found by the numerical investigatid6]. We can also
find the multiplicity of the eigenvalues from E@15). In
particular, the multiplicity at=rn with n andr being rela-
tively prime is exactlyr. In Fig. 1 the spectrum dfl for the

uniform magnetic field is shown. One can easily see that the
feather-shape gaps form a fractal pattern. It looks quite dif-

ferent from the butterfly diagrarfill]. This is due to the
special choice om=1 and the butterflylike gaps appear for
m=# 1. The spectrum fom=1/2 is shown in Fig. 2 for com-
parison.
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Eigenvalues A

Magnetic Flux o

FIG. 1. The spectrum ofH for uniform magnetic fields I
=23, m=1).

The magnetic fluxx defined by Eq(3) may be an arbitrary
real number by considering the lintifL —oo with a=t/L?2
fixed. In particular the eigenvalues at=n/r with r andn
being mutually prime positive integers formr Dands given
by the inequality
o=(—1)" 24 W\)=<1, 17

where n specifies how these bands cluster each other.
Roughly speaking, if &<r or r —n if 2n>r thenn stands
for the number of neighboring bands. An irrational flux is
realized as an appropriate limitn—oc. This implies that the
finite number of bands for a rational flux split into an infinite
number of tiny bandémaybe a Cantor sptThough the spec-
trum appears smoothly varying with the flux due to the low
resolution of the plot, such tremendous splittings and focus-
ings of the bands take place continually during a small
change of the flux.

We now turn to the computation of the index of the ODO
defined by

D=1+o035 (19)

\/ﬁ .

It is given by[3]

Eigenvalues A

0.6

04
Magnetic Flux o

In order to understand the appearance of the fractal struc- FIG. 2. The spectrum of for uniform magnetic fields I

ture of the spectrum we consider the infinite volume limit

=23, m=1/2).
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. 1 1 H .
mdexD—Trag(l—ED)——ETr\/T, (19 o
where Tr implies the sum over the lattice coordinates as well

as the trace over the spin indices. Since the trace on the
right-hand sideg RHS) of this expression equals the number

Roots A
o

of positive eigenvalues dfl minus the number of negative
eigenvalues, we can find indexfor an arbitrary uniform

magnetic field by counting the root asymmetry of the secular 2L
equation(15), where by root asymmetry of a polynomial :
equation we mean the number of positive roots minus the -30 0 20 3 40 o 70

number of negative roots. In general the origir-0 lies
outside of the intervals defined by the inequalitie) as can

be seen from Fig. 1. If this is satisfied, it is possible to relate FIG. 3. Roots off ()(\)=0 for 1=<r=70. The two curves in-

indexD with the root asymmetry of E?;%()\)=O. We thus
obtain fort=nr=n’r’s’?

H 1 r (n")
indexD=— Ers Trg2s (20

whereo{" stands for the root asymmetry 6f"(\)=0.
To understandr{" the roots off ()(A\)=0 are plotted in

dicate the known bounth|= 1 —(2+ 2)sin(r).

where use has been made of E8). This is the index theo-
rem for the ODO(18) in the Abelian gauge background in
two dimensiong5,6].

We have shown that the system described by the HWDO
for an arbitrary uniform magnetic field in two dimensions
can be cast into one-dimensional systems described by the
relativistic Harper equations. From the spectral asymmetry

Fig. 3. As is easily seen, the root with the minimum absoluteof the relativistic Harper system we have succeeded in deter-

value for eachr monotonically increases asnd changes the
sign from minus to plus at=4. We thus finds")=0 for
r<3 ands{V=2 forr=4. In the casa>1 the behaviors of
o™ are rather complicated far<4n. However, we know
oW=0 for r=2n, 3n and ¢{"=2n for r=4n, 5n,

from the factorization relatiofll). In fact it is possible to
show UE”)=2n for sufficiently larger (=4n) by directly
evaluating the spectral asymmetry of the Hermitian matri
(6) for p=q=0 in the larger limit [13]. We thus obtain for
r's?=4n’' or equivalently fora=t/L?<1/4

) 1
indeXD=—rs'n"=—rn=—=— > F,(x), (21
277 X

X

mining the index of the ODO and established the index theo-
rem for the uniform magnetic fieldF,(x)|<w/2. The
bound is of course not optimal and depends on the choice of
the parametem. The restriction to uniform magnetic fields is
not essential for the index theorem. The invariance of the
index and the topological charge under an arbitrary infinitesi-
mal variation of the link variables implies that the index
theorem(20) holds also for lattice gauge fields sufficiently
close to the configurations, giving rise to the uniform mag-
netic field. The coincidence between the index and the topo-
logical charge, however, is in general violated f&r(X)]
>1/2. Our results are of help in distinguishing smooth
gauge field configurations from nonsmooth ones on finite
lattices.
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