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Spectrum of the Hermitian Wilson-Dirac operator for a uniform magnetic field in two dimensions
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The spectrum of the Hermitian Wilson-Dirac operator is investigated for an arbitrary uniform magnetic field
in two dimensions. It can be described by a relativistic analogue of the Harper equation. The index of the
overlap Dirac operator is obtained directly from the spectral asymmetry of the relativistic Harper system. It
coincides with the topological charge if the field strength is equal to or less thanp/2.

DOI: 10.1103/PhysRevD.67.025015 PACS number~s!: 11.15.Ha, 71.10.Pm
e-
C
ira
th
n
g
b

th
al
es
e
O
x-

on

it

e

a
in
ci
si
u
e
h
he
ti

ni
na
e
e
t
rg
y

in
the
rac-
tic
for
ell

at-

i-

¯ d

ef

in
Topologically nontrivial gauge field configurations are r
sponsible for various nonperturbative phenomena in Q
and the standard model. The key relation is the ch
anomaly and the index theorem. Lattice regularization is
most promising approach for nonperturbative studies a
hence, the topological structure of the continuum gau
fields should be retained also in lattice theories. This can
achieved by imposing a kind of smoothness condition on
link variables@1#. It is indeed possible to define a topologic
charge geometrically for sufficiently smooth link variabl
@1,2#. The index of the lattice Dirac operator would coincid
with the topological charge as the index theorem dictates.
the lattice, however, it is difficult to compute the index e
plicitly even for the Abelian gauge background@3# and es-
tablishing the index theorem on finite lattices is rather n
trivial.

In this article we investigate the spectrum of the Herm
ian Wilson-Dirac operator~HWDO! for a uniform magnetic
field in two dimensions and determine the index of the ov
lap Dirac operator~ODO! @4# by directly computing the
spectral asymmetry. The spectral flow of the HWDO for
one-parameter family of link variables was investigated
Ref. @5# and the connection to the chiral anomaly was elu
dated. Recently, one of the present authors reanalyzed a
lar system@6# and gave some exact results on the spectr
for a particular set of uniform magnetic fields, for which th
index of the ODO can be obtained rigorously. We extend t
to an arbitrary uniform magnetic field and show that t
index coincides with the topological charge if the magne
field is equal to or less than1 p/2. The key idea is that the
two-dimensional system described by the HWDO for a u
form magnetic field can be converted to one-dimensio
lattice systems2 described by a relativistic analogue of th
Harper equation@10# and the spectrum can be characteriz
by a set of polynomials defined by the secular determinan
the relativistic Harper system. When the topological cha
and the lattice size have a common divisor, they satisf

1The axial anomaly on finite lattices is also investigated in R
@7# using powerful cohomological arguments@8#.

2That this kind of reduction of the dimensionality occurs also
higher dimensions is noted in Ref.@9#.
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factorization property, which not only plays a crucial role
determining the index but also is useful in understanding
fractal structure of the spectrum. The emergence of the f
tal structure is not surprising since HWDO is a relativis
analogue of the Hamiltonian of tightly bounded electron,
which the fractal structure of the energy band is as w
known as the butterfly diagram@11#.

We consider a two-dimensional square lattice of unit l
tice spacing and of sidesL. The HWDOH is defined by

Hc~x!5s3H ~22m!c~x!2 (
m51,2

S 12sm

2
Um~x!c~x1m̂ !

1
11sm

2
Um* ~x2m̂ !c~x2m̂ ! D J , ~1!

wheresm (m51,2,3) are the Pauli matrices andm̂ stands for
the unit vector along themth axis. The link variablesUm(x)
and the lattice fermion fieldc(x) are subject to periodic
boundary conditions. In the context of ODOm must be cho-
sen to satisfy 0,m,2 in order for the correct continuum
limit to be achieved. We adoptm51 unless otherwise spec
fied.

We are interested in the spectrum ofH for the link vari-
ables of the form

U1~x!5expF2 i t
2p

L
x̄2d x̄1 ,L21G , U2~x!5expF i t

2p

L2
x̄1G ,

~2!

wheret is an arbitrary parameter andx̄m stands for the peri-
odic lattice coordinates defined byx̄m5xm for 0<xm,L and
xm1L5 x̄m . For t5Q being an integer, the magnetic fiel
F12(x)52 i ln U1(x)U2(x11̂)U1* (x12̂)U2* (x) becomes a con-
stant and the flux per plaquette in units of 2p is given by

a[
1

2p
F12~x!5

Q

L2
. ~3!

HenceQ is nothing but the topological charge@1# of the
lattice Abelian gauge field. The parametert continuously

.
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connects the link variables with various uniform magne
fields belonging to different topological sectors classified
the integer topological charge@1,5,6#.

The characteristics of the spectrum of HWDO found
@6# can be summarized as follows:~1! The eigenvalues a
integral values oft are separated by several gaps and fo
clusters.~2! For nonintegert the H has in general 2L2 dis-
tinct eigenvalues and rearrangements of eigenvalues betw
the clusters occur in a characteristic way ast increases con-
tinuously from an integer to the next integer. By carefu
inspecting the spectral flows one realizes that for specia
teger values oft5r with r being an arbitrary divisor ofL
each eigenvalue is exactlyr-ply degenerate. This can b
proven by noting thatH can be block diagonalized intor
2sL32sL matrices, each describing a one-dimensional
tice system of degrees of freedom 2sL @6#. In what follows
we will generalize the argument of Ref.@6# concerning the
characterization of the spectrum ofH for special valuest
5r or t5L2/r to arbitrary integer values oft. In doing this it
is helpful to note the following general facts:~1! The eigen-
valuesl of H are bounded byulu<u22mu12 @12#. ~2! The
spectrum ofH is periodic in t with a periodL2. ~3! The
spectrum is an odd function int. Hence, it suffices to analyz
the eigenvalue spectrum for 0<t<L2/2.

We first analyze the spectrum fort being an integer mul-
tiple of L. Let L be a product of two positive integersr ands.
Then t can be expressed ast5nL2/r 5nsL, wheren is an
integer relatively prime withr. Then we haveU1(x)51 and
U2(x)5exp@2pinx̄1 /r#. Since the link variables are indepe
dent of x2 and are periodic inx1 with a periodr, we can
simplify the eigenvalue problem forH by the following Fou-
rier transformation:

w~y;p,q!5
1

sL (
l 50

s21

(
x250

L21

e2 iql 2 ipx2c~rl 1y,x2!, ~4!

wherey ranges from 0 tor 21. The Fourier momentap and
q are given by

p5
2p

L
k, q5

2p

s
j

~k50,1, . . . ,L21, j 50,1, . . . ,s21.
~5!

H is then block diagonalized intosL 2r 32r Hermitian ma-
tricesh(p,q) given by

h~p,q!5S B~p,q! C~p,q!

C†~p,q! 2B~p,q!
D , ~6!

where the first~second! row acts on the upper~lower! com-
ponent ofw(y;p,q). B(p,q) andC(p,q) are defined by

@B~p,q!#y,y852
1

2
d y11,y8

(q)
1H 12cosS p1

2pny

r D J d y,y8
(q)

2
1

2
d y,y811

(q) ,
02501
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@C~p,q!#y,y85
1

2
d y11,y8

(q)
1sinS p1

2pny

r D d y,y8
(q)

2
1

2
d y,y811

(q) . ~7!

Thed y,y8
(q) is the Kroneckerd symbol for 0<y,y8<r 21 and

satisfies the twisted boundary conditions

d y,r
(q)5e2 iqdy,0 , d r ,y

(q)5eiqdy,0 . ~8!

We thus find that the original two-dimensional system
degrees of freedom 2L2 is decomposed intosL one-
dimensional systems of degrees of freedom 2r , each de-
scribed byh(p,q). The corresponding eigenvalue problem
just a relativistic analogue of the Harper equation@10#.

The eigenvalues ofH are determined by the secular equ
tion det@h(p,q)2l#50. It takes the form

det@h~p,q!2l#5 f r
(n)~l;p!2

~21!r 21

2r 24
sin2

rp

2
sin2

q

2
50,

~9!

wheref r
(n)(l;p)5l2r1••• is a polynomial of order 2r and

is defined by

f r
(n)~l;p!5det@h~p,0!2l#. ~10!

Theq-dependent term in Eq.~9! can be easily found from the
explicit form of h(p,q). For n and r being relatively prime
integers h(p,0) and h(0,0) are related by an orthogona
transformation andf r

(n)(l;p) then becomes independent
p. We simply write it asf r

(n)(l). Explicit forms of f r
(1)(l)

are given in Ref.@6# for r 51, . . . ,6.
Later we need to consider Eq.~10! for n andr not neces-

sarily being relatively prime integers. In generalf r
(n)(l;p)

depends onp and satisfies the factorization property

f r
(n)~l;p!5 )

j 50

s821 S f r 8
(n8)

~l!2
~21!r 821

2r 824
sin2

r 8p

2
sin2

p j

s8
D ,

~11!

where n85n/s8 and r 85r /s8 with s8 being the greates
common divisor ofn andr. The easiest way to show this is t
consider the case ofr 5L and t5nL2/r 5n8L2/r 85n8s8L.
Since s51, the only allowed value ofq is 0. The secular
equation~9! then becomesf r

(n)(l;p)50. On the other hand
the same set of eigenvalues must be reproduced by the
pressions ~9! with the substitutionsr ,n→r 8,n8 and q
→2p j /s8 for j 50,...,s821. The identity~11! then follows
from these.

We have shown that the eigenvalues ofH for t being any
integer multiple ofL are completely characterized by a set
functions f r

(n)(l). We now extend the results to an arbitra
integer t. Let n and s be relatively prime positive integer
such thatt/L5n/s, then we may find a positive integerr
satisfying t5nr and L5rs. Denoting x2 by two non-
negative integersy and l (0<y,s, 0< l ,r ) asx25sl1y,
5-2
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we see that the link variables~2! are independent ofl or,
equivalently, periodic iny with a periods. We then introduce
new variablesC(z;q) by

C~z;q!5
1

L (
y50

s21

(
l 50

r 21

e2 i (py1ql)c~x1 ,sl1y!, ~12!

whereq, p andz are defined by

q5
2p j

r
, p5

2pnk

s
1

2p j

L
, z5kL1 x̄1

~13!
~ j 50,...,r 21, k50,...,s21!.

Since the shiftz→z1sL simply corresponds tok→k1s or,
equivalently, to p→p12pn, we may regardC(z;q) as
functions ofz with a periodsL. Here a miracle occurs. In th
new variablesC(z;q) defined on the one-dimensional pe
odic lattice,H is again block diagonalized intor Hermitian
2sL32sL matrices of the form~6! and ~7!. The concrete
expressions ofB andC are obtained from Eq.~7! by making
the following substitutions:

y, r , p, q → z, sL,
q

s
, 0. ~14!

The secular equations for the eigenvalues ofH at t5nr are
then given byf sL

(n)(l;q/s)50. Noting the factorization for-
mula ~11!, we find that all the eigenvalues ofH at t5nr are
determined by the following set of secular equations:

f r 8s2
(n8)

~l!5
~21!r 8s221

2r 8s224
sin2

p js

s8
sin2

p l

s8
~15!

~ j 50,1,•••,r 21, l 50,•••,s821!,

where n85n/s8 and r 85r /s8 with s8 being the greates
common divisor ofr andn.

We see from Eq.~15! that for eachj andl there are 2r 8s2

distinct eigenvalues and they must lie one by one in
2r 8s2 narrow intervals given by the inequality

0<~21!r 8s2212r 8s224f r 8s2
(n8)

~l!<1. ~16!

Each interval contains exactlyrs8 eigenvalues. Furthermore
the intervals themselves form roughly 2r 8s2/n8 clusters.
This explains the characteristic features of the spectral fl
of H found by the numerical investigation@6#. We can also
find the multiplicity of the eigenvalues from Eq.~15!. In
particular, the multiplicity att5rn with n and r being rela-
tively prime is exactlyr. In Fig. 1 the spectrum ofH for the
uniform magnetic field is shown. One can easily see that
feather-shape gaps form a fractal pattern. It looks quite
ferent from the butterfly diagram@11#. This is due to the
special choice ofm51 and the butterflylike gaps appear f
mÞ1. The spectrum form51/2 is shown in Fig. 2 for com-
parison.

In order to understand the appearance of the fractal st
ture of the spectrum we consider the infinite volume lim
02501
e

s

e
f-

c-
.

The magnetic fluxa defined by Eq.~3! may be an arbitrary
real number by considering the limitt,L→` with a5t/L2

fixed. In particular the eigenvalues ata5n/r with r and n
being mutually prime positive integers form 2r bands given
by the inequality

0<~21!r 212r 24f r
(n)~l!<1, ~17!

where n specifies how these bands cluster each oth
Roughly speaking, if 2n,r or r 2n if 2n.r thenn stands
for the number of neighboring bands. An irrational flux
realized as an appropriate limitr ,n→`. This implies that the
finite number of bands for a rational flux split into an infini
number of tiny bands~maybe a Cantor set!. Though the spec-
trum appears smoothly varying with the flux due to the lo
resolution of the plot, such tremendous splittings and foc
ings of the bands take place continually during a sm
change of the flux.

We now turn to the computation of the index of the OD
defined by

D511s3

H

AH2
. ~18!

It is given by @3#

FIG. 1. The spectrum ofH for uniform magnetic fields (L
523, m51).

FIG. 2. The spectrum ofH for uniform magnetic fields (L
523, m51/2).
5-3
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indexD5Tr s3S 12
1

2
D D52

1

2
Tr

H

AH2
, ~19!

where Tr implies the sum over the lattice coordinates as w
as the trace over the spin indices. Since the trace on
right-hand side~RHS! of this expression equals the numb
of positive eigenvalues ofH minus the number of negativ
eigenvalues, we can find indexD for an arbitrary uniform
magnetic field by counting the root asymmetry of the secu
equation~15!, where by root asymmetry of a polynomia
equation we mean the number of positive roots minus
number of negative roots. In general the originl50 lies
outside of the intervals defined by the inequalities~16! as can
be seen from Fig. 1. If this is satisfied, it is possible to rel

indexD with the root asymmetry off r 8s2
(n8)(l)50. We thus

obtain for t5nr5n8r 8s8 2

indexD52
1

2
rs8s r 8s2

(n8) , ~20!

wheres r
(n) stands for the root asymmetry off r

(n)(l)50.
To understands r

(n) the roots off r
(1)(l)50 are plotted in

Fig. 3. As is easily seen, the root with the minimum absol
value for eachr monotonically increases asr and changes the
sign from minus to plus atr 54. We thus finds r

(1)50 for
r<3 ands r

(1)52 for r>4. In the casen.1 the behaviors of
s r

(n) are rather complicated forr ,4n. However, we know
s r

(n)50 for r 52n, 3n and s r
(n)52n for r 54n, 5n, . . .

from the factorization relation~11!. In fact it is possible to
show s r

(n)52n for sufficiently larger (>4n) by directly
evaluating the spectral asymmetry of the Hermitian ma
~6! for p5q50 in the larger limit @13#. We thus obtain for
r 8s2>4n8 or equivalently fora5t/L2<1/4

indexD52rs8n852rn52
1

2p (
x

F12~x!, ~21!
.

02501
ll
he

r

e

e

e

x

where use has been made of Eq.~3!. This is the index theo-
rem for the ODO~18! in the Abelian gauge background i
two dimensions@5,6#.

We have shown that the system described by the HW
for an arbitrary uniform magnetic field in two dimension
can be cast into one-dimensional systems described by
relativistic Harper equations. From the spectral asymme
of the relativistic Harper system we have succeeded in de
mining the index of the ODO and established the index th
rem for the uniform magnetic fielduF12(x)u<p/2. The
bound is of course not optimal and depends on the choic
the parameterm. The restriction to uniform magnetic fields i
not essential for the index theorem. The invariance of
index and the topological charge under an arbitrary infinite
mal variation of the link variables implies that the inde
theorem~20! holds also for lattice gauge fields sufficient
close to the configurations, giving rise to the uniform ma
netic field. The coincidence between the index and the to
logical charge, however, is in general violated foruF12(x)u
.p/2. Our results are of help in distinguishing smoo
gauge field configurations from nonsmooth ones on fin
lattices.

FIG. 3. Roots off r
(1)(l)50 for 1<r<70. The two curves in-

dicate the known boundulu>A12(21A2)sin(p/r).
,
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